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ABSTRACT: We carry out a thorough analysis of the moduli space of the cascading gauge
theory found on p D3-branes and M wrapped D5-branes at the tip of the conifold. We
find various mesonic branches of the moduli space whose string duals involve the warped
deformed conifold with different numbers of mobile D3-branes. The branes that are not
mobile form a BPS bound state at threshold. In the special case where p is divisible by
M there also exists a one-dimensional baryonic branch whose family of supergravity duals,
the resolved warped deformed conifolds, was constructed recently. The warped deformed
conifold is a special case of these backgrounds where the resolution parameter vanishes
and a Zy symmetry is restored. We study various brane probes on the resolved warped
deformed conifolds, and successfully match the results with the gauge theory. In particular,
we show that the radial potential for a D3-brane on this space varies slowly, suggesting a
new model of D-brane inflation.
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B. First-order equations

1. Introduction

Consideration of p D3-branes at the tip of the conifold leads to the duality conjecture [
relating type IIB string theory on AdSs x T'! to a superconformal SU(p) x SU(p) gauge
theory. Addition of M Db5-branes wrapped over the two-cycle of T deforms the gauge
group to SU(M + p) x SU(p) [f] and breaks the conformal invariance, producing a log-
arithmic running of the gauge couplings [{]. This theory exhibits a “duality cascade”
[, B where along the RG flow p repeatedly drops by M units as a result of the duality
of [[.

The complete and non-singular supergravity dual of the cascading gauge theory, the
warped deformed conifold, was found in [[]. In the infrared it exhibits confinement and
chiral symmetry breaking, while in the UV there is a logarithmic running of coupling
constants and a duality cascade. In the absence of extra branes, this background is
dual to the SU(M(k 4+ 1)) x SU(Mk) theory at a special Zg-symmetric point on the
baryonic branch AB = const where the two baryonic condensates are equal, |A| = |B|
B, [, Bl: The cascading gauge theory has a pseudoscalar Goldstone mode of the spon-
taneously broken U(1)pgryon, and its massless scalar superpartner [. The supergrav-
ity duals of these modes were found in [§]. The scalar zero-mode, which produces a
small motion along the baryonic branch was found with the help of the Papadopoulos-
Tseytlin ansatz [J] generalizing the SO(4) and Zj symmetric warped deformed conifold
to include a breaking of the Zs. A general analysis of the supersymmetry conditions for
this ansatz led to a derivation [[]] of coupled first-order equations describing the entire
baryonic branch of confining vacua. This family of resolved warped deformed conifolds
is then readily constructed through numerical integration of the equations of [[I(] sub-
ject to the requirement that at large radius they asymptote to the cascading solution
of [A.

On the SU(N;) x SU(N32) gauge theory side, an analysis of various branches of the
moduli space was begun in [§], and continued in [(]]. In this paper we carry out a complete
analysis and compare it successfully with the dual string theory. The branches are labelled
by two integers. One of them, r = 1,..., M, is associated with a spontaneous breaking of the
Zoy R-symmetry to Zg. The other, [ =0, ...,k = [p/M], has the following interpretation:
M (1+1) D5-branes and [M anti-D5-branes which wrap the two-cycle of T form a bound
state at threshold. The remaining p — [M D3-branes are free to move on the deformed
conifold whose deformation parameter ¢ depends on r and [. In the special case where p
is a multiple of M there exists a branch with no mobile D3-branes, [ = k. This branch
breaks the baryon number symmetry of the problem and will be referred to as a baryonic
branch. It is reminiscent of the baryonic branch of [[J]. This picture of the moduli space



follows from a careful field theory analysis using standard techniques (for a review, see e.g.
[L3)), but a few interesting subtleties which have so far been ignored turn out to be quite
important.

For the specific example of the baryonic branch, which exists only for Ny = M (k +
1), Ny = Mk, we carefully impose the boundary conditions on the numerical solution, and
show that they lead to a constant tension of the BPS domain wall of [[4][L5]-[L] along the
entire branch. We also calculate the tensions of various other objects, the confining string,
the D3 and anti-D3 branes, and find that they blow up far along the branch. We find
that small departures from the Zs symmetric point create a small potential for a D3-brane
which depends on the radial coordinate of the classical solution. This suggests a string
theoretic mechanism for brane inflation where a D3-brane rolls towards smaller radius on a
resolved warped deformed conifold embedded into a flux compactification. This approach
is similar to that of KKLMMT [[[7]], but instead of an anti-D3 brane uses a Fayet-Iliopoulos
parameter ¢ [I§] to resolve the warped deformed conifold and generate a potential for the
D3-brane. Our proposal is therefore similar to the D-term inflation mechanism of [[9, ().
D-terms also play an important role in string theoretic constructions involving D7-branes
and D3-branes [P]].

The paper is organized as follows. In section ] we review the gauge theory and its
symmetries. In section [ we state our main result for the quantum structure of the moduli
space and discuss its D-brane interpretation. Section | is devoted to the classical analysis
of the mesonic and the baryonic branches of the moduli space. In section ] we analyze the
SU(p+ M) x SU(p) gauge theory with p < M, and find the quantum deformation of the
classical mesonic branches. In section [ we study p = M at the quantum level, and find a
mesonic and a baryonic branch. In sections [ and § we study the quantum moduli spaces
forp = M+1and p > M+1, respectively. In section [] we discuss how the different theories
and different branches are related by Higgsing and duality transformations. This leads to
non-trivial consistency checks of our quantitative results. In section [[(] we summarize our
results on the gauging of U(1)paryon and turning on the Fayet-Iliopoluos parameter &.

In section [[] we compare various gauge theory and corresponding string theory objects.
We match the BPS and non-BPS domain walls present in the gauge theory with D5-branes
and NS5-branes wrapped over the three-sphere at the bottom of the deformed conifold. We
present a general argument showing that the tension of BPS domain walls is independent of
the moduli. We also comment on how the tensions of confining strings, glueballs, and soli-
tonic strings depend on the continuous parameter gs M present in the cascading gauge the-
ory. In sections [1 and [L3 we review and present some new results on the resolved warped
deformed conifolds, which are supergravity duals of the baryonic branch. We solve the
equations derived in [[(], while carefully imposing the boundary conditions at large radius.
In section [[4 we check the consistency of our numerical solutions by showing that the BPS
domain wall tension is constant along the branch; we also study the tensions of confining
strings and of anti-D3-branes along the baryonic branch. In section [[§ we study the poten-
tial generated for D3-branes and suggest a string theoretic implementation of the D-term
inflation. Some possible extensions of our work are mentioned in the Discussion. Appen-
dices [A] and [B] contain some further details about the resolved warped deformed conifold.



2. The gauge theory

In this section we consider the gauge dynamics of the supersymmetric field theory with

gauge group
SU(Ny =M +p) x SU(N2 = p) (2.1)

with p > 0 (clearly, N7 > N;). We parameterize it as
Ny=(k+1)M+p ; N1 =kM+p ; p=0,...M—1 (2.2)
We add matter fields
Ay, in (N1,Nz),
Bi, in (Np,Ng) (2.3)
(& =1,2,i=1,..,N1,a=1,..,Ny), and a tree level superpotential
Wo = h'Tr, Cigﬁ AaBs =h ( T %bAngéa - ?iBébAgj ia) . (2.4)

This gauge theory describes N1 D5-branes and Ny anti-D5-branes wrapping the collapsed
S? at the singularity of the conifold Cy. Cy is parameterized by four complex numbers zn4
subject to the equation det,g 2qa = 0.

The SU(N;p) (SU(N2)) gauge theory has 2Ny (2N7) flavors. Therefore, if the super-
potential (R.4) is ignored, the instanton factors of these two gauge groups are

9

A?N172N2 — A?M‘i’p A§N272N1 — A]2)72M (25)

Let us discuss the global symmetries of this theory. Clearly, there is an SU(2) x SU(2)
symmetry which acts on the indices o and &. The global Abelian symmetry can be analyzed
in the basis

A 1 0
B 0 1
2.6
h 9 9 9 (2.6)
AP 2p 2p  2(M+p)

AP o(M +p) 2(M +p) 2
The exact symmetry of the system is the subgroup of (.6) which is not broken by nonzero
h and the anomalies. It is U(1)paryon X Zanr- U(1)paryon is generated by the difference of the
U(1)4 and U(1)p generators, and Zsys is an R-symmetry which is generated by A — i A,
B — ¢35 B ,and # — 337 6. Below we will also discuss the effect of gauging U (1)paryon and
adding a Fayet-Iliopoulos parameter £&. On the string theory side this happens when the
gauge theory is embedded into a flux compactification with a compact Calabi-Yau space.
We will find it convenient to form the following combinations of the parameters

Ua UM U

Li(M,p) = kP A3MTP 0 0 2M @)
Lo(M, p) = hMHrpp—2M 0 0 —2M '

which do not transform under U(1)4 x U(1)p.



The combination I(M,p) in (R.7) which is invariant under all the symmetries is di-
mensionless, and therefore it is invariant under the renormalization group. It has a natural
interpretation in the brane system as the instanton factor of the type IIB string theory

I(M,p) = Ly(M,p)La(M,p) = hMF2PNZMFP L= 2mi (2.8)

2miT

One aspect of this interpretation is that I(M,p) = e is the amplitude of a type IIB
D-instanton. It is related to two fractional D-instantons on the conifold corresponding
the instantons of the two gauge groups, SU(N7) and SU(N3). This explains why I (M, p)
includes the instanton factors of the two gauge groups.

The ratio L1 (M, p)/La(M,p) is determined by the NS-NS and RR two form potentials

through the two sphere:

Li(M,p) 1 .
m ~ exp [@ /82(B2/gs + ZCQ):| . (2.9)

In the conformal case M = 0, similar relations between gauge theory and string theory
parameters were proposed in [i.

3. Summary of the gauge theory results

To facilitate the reading of the paper, we summarize here our conclusions about the moduli
space of vacua of the quantum field theory. For more details, see sections J-L1]

Our conclusion will be that the classical and quantum moduli spaces of vacua are quite
different. The quantum moduli space is

ML @o Symp_11(Cro) (3.1)

Here C,; is the deformed conifold which is smooth. It is described by an equation in four
complex variables zyg
det zqq = € (3.2)
ax

The C,; arising on different branches of (@) have different deformation parameters e p
(r,1) (see below). In the special case of p = 0, the last term Symp_prr—p=0(Cri=k) is
replaced by C.

The sum over r in (B.I]) reflects the spontaneous breaking of the global Zoys R-
symmetry to Zg, which is achieved through gluino condensation in a low energy SU (M)
subgroup. This SU(M) group arises differently on different branches in (B.1]) and in differ-
ent regions of the moduli space on the same branch. Sometimes it is a nontrivial subgroup
of the microscopic SU(N;) x SU(Nz), while in other cases it involves dual gauge groups.
Its instanton factor is

A(M,p, l)3M -~ hp+l(M+2p)A§3M+p)(l+1)A§p72M)l _ Ll(M,p)I(M,p)l (3.3)

and its gluino condensation leads to the low energy superpotential

L

W (M, p,1,r) = M (A(M, p,0)*M)¥ = M (Ly(M,py™)™ (I(M,p))¥ . (3.4)



Above we used the invariant combination I(M,p) of (B.9), and we suppressed the phase
¢3" which arises from the branch of the fractional power and leads to the r dependence.
Note that the [ dependence is only through the power of I. Below we will see in detail how
the superpotential (B.4) is generated; it arises differently on different branches.

In our case the parameters z,4 arise from eigenvalues of the matrix
VhMS 4 = VhAL,BL, (3.5)

where the factor of v is introduced to simplify the equations. We will see that the
deformation parameter ¢ depends on the branch in (B.1]),

1
earp(r, 1) ~ (MM, p, 1M ~ eprp(r,1 = 0)I(M, p) ¥t (3.6)

The label r in €pz p(r, 1) is the branch of the fractional power e (to simplify the equation
we suppress this factor).

In terms of the D-brane interpretation, the space Sym,_;ar(Cr;) describes p—IM pairs
of D5-anti-D5-branes each forming a D3-brane which leaves the tip of the conifold and is
free to move in its bulk after it is deformed to C,.;. The remaining (I + 1)M D5-branes and
IM anti-D5-branes form a bound state at threshold. The deformation by (B.6) with its M
branches labelled by r in (B.1) is generated by the strong coupling SU (M) dynamics with
scale A(M,p,l) of the D5-branes near the tip.

The branch of the moduli space in (B.1) with Sym,_;p(C,;) will turn out to have

p—IM=1 _ ne fewer than the number of mobile D3-branes.

the massless photons of U(1)
If U(1)baryon is gauged, then there is one more U(1) factor and the low energy spectrum
is that of p — IM multiplets of N’ = 4. This is consistent because the global U(1)peryon
symmetry is not broken on all these branches.

An important exception to this is the last term Symg(C,;) which appears only when
p = 0. In this case U(1)pgryon is broken and hence Symg(C,,;) should be replaced by a
copy of C. This is the baryonic branch. If U(1)pgryon is gauged, then it is Higgsed, and
this branch is lifted [§, [[§]. In this case C is replaced by a point, and the pattern is
more uniform. In section we will discuss the effect of turning on a Fayet-Iliopoulos

parameter &.

4. Classical flat directions

In this section we examine the classical moduli space of vacua. The D-term equations set

u

S0 AaAl — Y4 BiBs = Y1, Y AlA, — > BBl = TR (4.1)
« [

where 1, and 1y, are p x p and (M + p) x (M + p) unit matrices, and

U=Tr (Z A AL =) BgBd> : (4.2)



In the quantum theory, U is an operator, whose expectation value labels different ground
states. Gauging U(1)paryon sets U = 0 in ([L.1]). However, in this case a Fayet-Iliopoulos
term ¢ can be added, and then ([.) has

U=¢. (4.3)

The solutions of these equations together with the F-term equations depend on the
values of p and M. We find two kinds of classical solutions which we refer to as mesonic
and baryonic.

4.1 Mesonic flat direction

We always have the mesonic flat directions (up to gauge transformations)

Ady
A%y
A = Aifﬂ
a =
AL,
B
B,
Bt.T — B(§{3
&
ng
Y AL =D B =0  Va (4.4)
e &

At a generic point along this moduli space of vacua the gauge group is broken to SU (M) x
U(1)P~L. The moduli space can be characterized by p sets of coordinates 22, = A%, B4,
with detyg 25, = 0 up to permutations over the index a. This is a symmetric product of p
copies of the (singular) conifold Cy

Symy(Co) (4.5)

In addition to the SU(M) gauge multiplets, the low energy spectrum at a generic point
includes 3p chiral multiplets and p — 1 vector multiplets.
If U(1)paryon is gauged, we have in addition to the SU (M) part, p multiplets of V' = 4.
If we also add a Fayet-Iliopoulos term & for the U (1)baryon, then supersymmetry is broken
in all these vacua. To leading order in the U(1)pqryon gauge coupling g, the vacua are given
by (4) and the vacuum energy is simply
g

V= - (4.6)

Even though this section is devoted mainly to the classical physics of the model, we
would like to make some comments about the semi-classical low energy dynamics of the
unbroken SU (M) gauge theory. It is a subgroup of the original SU(N; = M + p) and its



instanton factor is

AMFPRe o A(M, P, = 0)3M (4.7)

This expression agrees with our general expression for the scale of the unbroken group (B.9).
Equation ([£7) follows from matching factors from the Higgsing SU(M +p) — SU(M) and
from the fields which get masses proportional to h. It is consistent with the (anomalous)
symmetries of the problem (P.§).

The nonperturbative dynamics of the low energy gauge group leads to gluino conden-

sation and to a superpotential
W = MA(M, P,1 = 0)7 = M(AM*Ppp)ar (4.8)

as in (B.4). The M branches of (.§) lead to M vacua for each point in ([.F). This is the
origin of the sum over r in the quantum moduli space (B.1]). Note that since ([.7) and ([.§)
are independent of the moduli in ([.4), the flat directions are not lifted. Instead, as we
will see below, the moduli space ([L.j) is deformed. Even though the superpotential ([L.§)
does not lead to a potential, it is important for determining the tensions of domain walls
connecting the different M vacua [[4)[L3]-[L§] (see section [LT]).

Let us examine the limit where A5, and ng are much bigger than all other entries in
(#4). Then, the low energy theory is an SU(N;—1 = M+p—1)xSU(Ny—1 = p—1)xU(1)
gauge theory with matter fields A and B, as in (R.J), and three neutral chiral multiplets,
whose vevs are Aﬁpng. This is the same as the original theory except that p is reduced
to p— 1, we have three more neutral chiral fields and a U(1) factor. The instanton factors
of SU(Ny =1 =M +p—1) x SU(Ny —1 = p— 1) are related to the original ones (R.5) as

A3M+4p—1 3M Ap—2M—1 —2M

APFPE O M PR AR ~ AR (4.9)
Note that these relations are independent of the vev of Aﬁpng. Iterating this equation
p times leads to (f.7). The U(1) factor originates from the two gauge groups U(1) C
SU(Ny) x SU(Nz). It is important that the massless components of A and B are charged
under this U(1). Therefore, in this low energy SU(Ny — 1) x SU(N2 — 1) x U(1) theory,
the U(1)paryon is gauged.
4.2 Baryonic flat directions for p =0, i.e. Ny = (k+ 1)M, Ny = kM

For = 0 we find, in addition to the mesonic branch (f.J), two baryonic flat directions:

VEk 0 0 .00

0 E—1 0 .00
Aoy =C1| 0O 0 k—2 . 0 0

0 0 1 0

01 0 0

0 0 V2 0 0
Ayo=Cl0 0 0 3 0

00 0 0 vk



Bs=1 =0
Bis =0 (4.10)

and another branch with A «—— B. Here C is an arbitrary complex number and each
entry in the matrices is an M x M unit matrix. The real constant ¢/ in (1)) is given by
U = k(k + 1)M|C|? for the solution (f.10) and by U = —k(k + 1)M|C|? for the solution
with A «— B. The gauge invariant operator which is nonzero along these branches is the
baryon (AlAg)k(k“)M/ 2 (with appropriate contraction of the indices) or the anti-baryon
(B} By)F-+DM/2 " Each of these branches is one complex dimensional and is labelled by
C' (more precisely, by Cklk+1)M ), and they touch each other at the origin, C' = 0. We
refer to these branches as baryonic because, in contrast to the mesonic branch ([f.4), here
U(1)baryon is broken for nonzero C. In fact, as we will see, these two branches are joined
in the quantum theory into a single smooth branch.

The low energy theory along each baryonic branch includes a chiral superfield C
and an unbroken SU(M). Unlike the unbroken SU(M) on the mesonic branch, here
SU(M) c SU(M)y, x SU(M)y, where SU(M)y, € SUM)* c SU(N; = (k+ 1)M)
and SU(M)y, C SU(M)* c SU(Ny = kM); i.e. the index of the embedding in SU(Ny) is
k41 and the index of the embedding in SU(N3) is k. The SU(M) instanton factor is not
given by ([.7), but by

APFDEFIM A FE=2M 2R DM A (M, p = kM, 1 = k)*M (4.11)

Here we used the index of the embedding in the two groups and the contribution from
the matter fields which acquired mass from the superpotential Wy. Again, note that this
relation is independent of the modulus C'. This agrees with our general expression for the
scale of the unbroken group (B.3). Again, gluino condensation leads to a superpotential
MA(M,p = kM, = kz)ﬁ and hence to M vacua. Since (4.11)) is independent of the
modulus C, the flat direction is not lifted.

If U(1)baryon is gauged, C' must vanish, and it seems that the theory is at the origin
of field space. We will see below that this is not true in the quantum theory where in this
case the theory has isolated vacua with broken U(1)pgryon. One way to see that is to add
a Fayet-Iliopoulos term £ for U(1)pgryon. Then, depending on the sign of £ either A or B
is nonzero as in (f.10) and C is fixed in terms of £. More explicitly, for positive £ we have
the solution ([L.I() with

E=U=k(k+1)M|C)*. (4.12)

Since C' # 0, the gauged U(1)paryon symmetry is Higgsed, the phase of C' acquires a mass,
and the vacuum is isolated.

Now we return to the case where U (1)baryon is not gauged. For p # 0 the only flat
directions are the mesonic ones, (f.4). One way to understand it is by trying to reduce p
using expectation values as in (f.4) down to p = kM, and looking for a baryonic solution
similar to (f.10) using the massless fields. More explicitly, consider ([.4) with A%, = B4, =
0 for @ = 1,...,kM. The low energy theory is an SU((k + 1)M) x SU (kM) x U(1)? gauge
theory with charged fields as in (R.3), and neutral chiral fields taking values in  copies of



Cp. The charged matter in this theory is very similar to the that of the p = 0 theory which
leads to (§.10), except for one important difference. The charged chiral fields are charged
under one linear combination of U(1)?. As we commented above, in this case C in (f.10)
must vanish, so this does not lead to new flat directions. Below we will see how this fact
is modified in the quantum theory.

5. SU(N; = M +p) x SU(Ny =p) with p=0,.... M — 1

Here we discuss the quantum theory for small values of p. As we have already commented,
in the quantum theory the SU (M) that remains unbroken along the flat directions becomes
strong and leads to M vacua. Hence, the previous answer for the moduli space appears M
times. Yet, this is not the whole story.

In order to examine it in more detail we first ignore the tree level superpotential, Wy,
and the weaker of the two gauge groups, SU(p). Since the first group, SU(N; = M + p),
has fewer flavors than colors (2Ny = 2p < Nj), its flat directions are characterized by the
meson fields

Mgcda = AgiBgzi : (51)

At a generic point along these flat directions, the unbroken gauge symmetry is SU(N; —
2Ny = M —p) C SU(Ny = M +p). This gauge theory confines and its dynamics generates

the superpotential 23, PJ]

ABNI—2N: \ MiooNg ABMtp \ W7
Wayn = (N1 — 2N2) <m> = (M —p) (W) (5.2)

The fractional power in the superpotential is associated with the M —p vacua of SU (M —p).
Therefore, we should study the dynamical superpotential as a function on an M — p fold
cover of the space of M.

So far our description has neglected the tree level superpotential Wy and the D-term
equations of the second gauge group, SU(Ns = p). Therefore, M is generic. On the
other hand, the typical points on the classical flat directions ([.4) have non-generic M,
such that detpgey M = 0. For generic M the SU(N7) gauge symmetry is broken to
SU(N; — 2Ny = M — p), while along the classical flat directions of the full theory ([.4) the
SU(N1) gauge group is broken to SU(M). We will now show that restoring W and the
SU(N2 = p) interactions restricts us to a subspace of M. This subspace is not the same
as the classical moduli space ([L.4); it is a deformation of it.

Consider a generic point in M. After the unbroken SU(N; — 2Ny = M — p) confines
and leads to (b.9), the low energy theory is an SU(Ny = p) gauge theory with neutral
matter fields M of (B.1)) (four adjoints and four singlets), and the superpotential

Wers = Wo + Wayn (5.3)

This theory is IR free and can be analyzed easily.

,10,



Solving OpmWeyy = 0 we find

P

hP det M ~ (A§M+Php) a

acdab

1
h Tra det Mg ~ (hpAi’M*p) M (5.4)

Although classically det M = 0, in the quantum theory this is deformed by nonper-
turbative effects. As a check, note that in the A; — 0 limit the determinant vanishes.
Related to that is the appearance of a fractional power % It reflects the fact that SU(Vy)
is broken to SU(M) with no charged matter with scale

AMFIPRe O A(M, P,1 = 0)*M (5.5)

which agrees with our general expression for the unbroken group and its instanton factor
B-3) and (E7). The strong dynamics of this SU (M) theory leads to M vacua.

Finally, in addition to (f.4) we also need to impose the D-term equations of SU(Na).
The conclusion is that the moduli space can be parameterized by the 4p numbers M2,
with a = 1,...,p, a,& = 1,2 subject to the constraints

ada

1
hdet Mg, = enrp(r,l = 0) ~ (WAP) Y va (5.6)

i.e. they are on the deformed conifold C,;—o (B.9) with € as in (B.6). Of course, we should
mod out this space by the permutation of the p points, and therefore the moduli space is
@ Symy(Cr.1=0)-

Classically, the answer ([L.H) is related to the conifold Cy. The nonperturbative effects
associated with a power of A; (.6) deform it to the deformed conifold C,.;. More precisely,
we work on an M — p fold cover of the space of M and find M different solutions of (f.4).

The final answer is

®,L1Symy(Cri=o) (5.7)

At a generic point in this space the SU(p) is broken to U(1)?~!. The 3p massless chiral
multiplets describe the positions of p D3-branes in the deformed conifold Cnl.l

The answer (f.7) can be interpreted as p pairs of D5-anti-D5-branes moving from the
tip to the bulk of the deformed conifold C,; as p D3-branes. The different phases of €
are different fluxes through the cycle of the deformed conifold. To reach this conclusion
we needed the dynamical superpotential in (5.3) — the tree level theory based on the
superpotential Wy does not lead to this answer.

To summarize, the answer (p.7) differs from the classical answer derived from ([£4)
in two ways. First, we have M branches originating from the SU(M) gauge dynamics.
Second, the argument of the symmetric product Cy is deformed to C,;—g. As expected,
far from the origin of the moduli space the classical analysis, together with the existence
of M vacua in the strongly coupled low energy theory, gives a good approximation to the
quantum answer.

It U(1)baryon is gauged, the low energy modes combine into p vector multiplets of N =4.
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6. SU(N; = 2M) x SU(Ny = M); i.e. p=M

In this case the SU(Np) theory has equal numbers of flavors and colors. Therefore, in
addition to the mesons M® . of (B.1]) which are four adjoints and four singlets of SU(Ny),

ada

the theory has baryons

— Z'1...Z'N1 ai ANy )
A=c¢ Ay - oy ing

. i1 Ny )
B = €iring Bl Bt an - (6.1

Bose statistics shows that these are singlets of the non-Abelian symmetries in the prob-
lem [B4], and in particular of SU(N2) and SU(2) x SU(2) [, [l, B- The fields M, A and
B are not independent. They are subject to the constraint [P4] detagap M — AB = A%Nl
where we have already taken the nonperturbative quantum corrections into account. This
can be summarized by an effective superpotential [24]

Weff:W0+L<d¢tM—AB—A§NI> (6.2)

adab

2 The low energy theory is based on an SU(N3) gauge

where L is a Lagrange multiplier.
theory with these massless fields and the superpotential (f.9). It is IR free and is easily
analyzed.

The moduli space has two branches which are related to the branches of the classical
moduli space.

The mesonic branch has [ = 0. It is characterized by A = B = 0 and M constrained
by detagay M = A%N . It is also subject to the SU(N3) D-term equations and stationarity
of Wy. This leads to the moduli space @, Sym,—n(Cy =) with the deformation parameter
emp=nr(r,l = 0) of (B.4), as in (5.4). At a generic point on this branch the theory has
M — 1 vector multiplets and M chiral multiplets corresponding to the motion of the M
D3-branes on C,n,lzo.?’

The second branch is baryonic. It has M = 0 and AB = A%Nl. As discussed above, the
low energy theory includes a pure gauge SU (M) sector which leads to M vacua. Each of
the M components of the baryonic branch is one complex dimensional. Note that the two
classical branches with AB = 0 are combined into a single smooth branch with AB = A%N L

If we gauge U (1)baryon, the baryonic branch becomes zero dimensional. It has M
discrete points — a point for each component of the baryonic branch labelled by r =
1,...,M. Each of them has a gap because the U(1)pgryon gauge symmetry is Higgsed R
The existence of such points is completely quantum mechanical. They originate from
the singularity at the origin of the classical moduli space. In the quantum theory this
singularity leads to several vacua. The mesonic branch which classically touches the origin

It is important to clarify a common misconception. The superpotential (@) is not a low energy
superpotential. It includes fields which are massive everywhere on the moduli space, in particular, the
Lagrange multiplier L and one component of M, A and B are always massive. These fields are not
associated with massive particles in the spectrum. Instead, they should be interpreted as auxiliary fields in
the low energy theory.

31f we gauge the U(1)paryon, we find p = M multiplets of N' = 4.
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is deformed. In addition, the origin leads to these isolated vacua where U (1)pqryon is broken.
We now turn on a nonzero Fayet-Iliopoulos term £. As above, supersymmetry is broken in
the mesonic branch. The M isolated vacua remain supersymmetric, but their position in
field space changes. As & — oo these supersymmetric vacua move to large field strength
where they are continuously connected to the classical vacua discussed around (f.19).

In different regions of the baryonic branch the low energy SU(M) gauge theory and
its scale can be understood differently. First, far out along the baryonic branch (4.1() we
can use the general result (f.11)). Specializing to k = 1, it is

ASMASMRM O A(M,p = M, 1 =1)3M (6.3)

Near the origin, where SU(N; = 2M) is strongly coupled, this calculation is not valid.
Instead, we can find A(M,p = M,l = 1) as follows. Above the scale A; the second gauge
group SU(Ny = M) has 4M fundamental flavors, and its instanton factor is Ay ™. Below
A1 the fundamental flavors are confined and they are replaced by four adjoints M. The
instanton factor A M does not change. Then the adjoints get mass hA? and the resulting
instanton factor is Ay M (RA2)*M Miraculously, this different calculation which is based on
different physics agrees with (f.3), and also with the general expression (B.3).

We have already stated that the expectation values of the mesons are interpreted as
D3-branes in the bulk of the conifold. We would like to interpret the baryonic branch as
describing a BPS bound state at threshold of 2M D&-branes and M anti-D5-branes. 1f
U(1)paryon is not gauged, the baryon number is broken by the bound state and it is part
of a one complex dimensional branch of the moduli space.

7. SU(N; = 2M + 1) x SU(Ny = M +1); i.e. p= M + 1

We now consider the case p = M + 1. Here the SU(N;) gauge theory interacts with
2Ny = 2M 4+ 2 = Ny + 1 flavors; i.e. it is the number of colors plus one. Its dynamics
leads to the mesons M of (B.1)) and baryons Aag, B% similar to (6.1) in that they have
opposite charges under the baryon number symmetry U(1)paryon. However, now they are
in the anti-fundamental and the fundamental of SU(N2) respectively [24. Each of them
transforms under one of the two factors in SU(2) x SU(2).

The low energy theory includes these mesons, baryons and the gauge fields of SU(N3)
with a superpotential [24]

Wepp=Wp — det M — AMB) (7.1)

A?Nl —2N2 <adab

The moduli space is easily determined and again has two branches. On one of them,
A =B =0 and M satisfies (5.4) as well as the SU(p) D-term equations. This leads to
@ Symy—nr14+1(Cri=o) with the deformation parameter e as in (B.6) and (.6)

1
eMp=m+1(r, 1 =0) ~ (hM+1AzllM+1> A 72)
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On the other branch M is massive and should be integrated out. Clearly

1

(O((BA)?) corrections from det M in (F.1]) are not present because M of (f.3) has low
rank.) This leads to a superpotential of the form

det(AaaBY) (7.4)

In addition, the low energy theory has an SU(p = M + 1) gauge theory under which .4
and B transform.

This theory is similar to the one discussed in the section [ about p < M, if we use
M=M; p=1 (7.5)

i.e. it has gauge group SU(Nl =M+p=M+ 1) and Ny = 1. Therefore, we can borrow
the result of the analysis there. In order to do that we have to bring it to a canonical form
and relate its parameters to the parameters of the “hat theory.”
First, the “quarks” A, and Bg do not have their canonical dimensions. Therefore we
define the canonical fields A, = Ao /A2M and By = Bs/A?M. Their quartic coupling is
- 1
h=-— 7.6
WA2 (76)
The scale of the SU(Ny = M + 1) is also modified. The instanton factor of the high
energy theory is Ag_ZM = A%_M . Below the scale A; the SU(N2) gauge theory has two
fundamental flavors A and B and four adjoints M. Therefore, its instanton factor is

3M43—2—4(M+1 3
AL+ (+):AL3M

mass of order hA? and the instanton factor of the SU(M + 1) gauge theory is

~ Aé_MAl_Ll. Then, at lower energies the four adjoints get a

A?Mqu ~ AE37M(hA%)4(M+1) ~ Aéth4(M+1)A§M+4 (77)

Now it is straightforward to use the results from section [Jl. The moduli space is M
copies of C,; with

hdet AaaBS ~ &y 5 (1 = 0) ~ (RAIMH1)ar (7.8)

Expressing it in terms of A and B and finally in terms of the eigenvalues of vAM we find
the deformed conifold with deformation parameter

1
eMp=m+1(r,l =1) ~ (h4M+3A?M+2A§_M> A 9
Note the combination

pAMASNSMAZNI=M AN(Mp = M + 1,1 = 1)3M (7.10)
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which can be interpreted as the instanton factor of the low energy SU(M) theory. The
expressions ([7.9)(F.10) are in agreement with our general expression (B.3)(B.). Finally,
the low energy spectrum has three chiral superfields.?

We would like to make a few comments about this branch. First, even though A and
B carry baryon number, their expectation values do not mean that U(1)paryon is broken.
Instead, U(1)paryon combined with a broken gauge symmetry is unbroken. One way to
see that is to note that A and B are not gauge invariant. The order parameter along the
moduli space is AB¢ which is U (1)baryon neutral. Equivalently, the relation (E) along
the moduli space shows that baryon number is not broken, and therefore we cannot refer
to this branch as a baryonic branch.

Second, we should clarify the relation to the classical analysis in section | Equation
([7.3) shows that in the classical limit A; — 0 the order parameters A and B must vanish
in order to have finite M. This shows that the semiclassical limit of these vacua is given
by M with rank one. We have discussed these vacua when we looked for classical baryonic
branches of this theory. We separated one eigenvalue of the meson field in order to have a
low energy theory with p = M which has a baryonic branch. There we saw that the low
energy theory has a gauged baryon number, and therefore there is no classical baryonic
branch. As we stated above, even when U (1)baryon is gauged, the quantum p = M theory
has isolated vacua in which U(1)pgryon is Higgsed. The branch we have been discussing
here in the p = M + 1 theory is associated with such a mesonic eigenvalue and such an
isolated vacuum of the low energy theory. In terms of the branes on the conifold, it is a
single D3-brane in the bulk of C,;—; and a bound state at threshold of the other branes.

Finally, we would like to point out a subtlety in integrating out M. There is no
problem with doing it along the [ = 1 branch, as in (7.3), (7.4). (Note that this integration
out obscures the semi-classical limit.) However, such integration out is impossible along
the mesonic branch with [ = 0, because there the field M has massless components. We
should stress though that ([-1) is valid on both branches.

In conclusion, our moduli space is

&L [Symars1(Crizo) @ Crizi] (7.11)

The first term is interpreted as p = M + 1 D3-branes on the deformed conifold. On the
second branch there is a BPS bound state at threshold of 2M Db5-branes and M anti-D5-
branes while the remaining D3-brane is free to move on the deformed conifold C, ;—;.

The previous case of p = M + 1 has almost all the elements the we need for the general
case of larger p.

The first branch of the moduli space is a deformation of (l.4). As above, we first ignore
the SU(N2) dynamics and the tree level superpotential (h = 0). The SU(N;) dynamics
has many more flavors than colors, and therefore the rank of the meson M is constrained.
Nevertheless, some of the dynamics can be recovered by considering M of maximal rank

41f we gauge U(1)paryon, the low energy spectrum forms a N = 4 supermultiplet.
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2p and the superpotential (5.9)

A3N1—2N2 Ny —12N2 A3M+p ﬁ
Wan = (N7 —2Ny) | —1—— = (M — —1r 8.1
dy ( 1 2) <detadabM> ( p) (detadabM> ( )
As in all our cases, solving dpWesr = 0 we find (p.4)

P
g - (5
1

hTrg det Mag ~ (hpAi’M*p) M (8.2)

This is the mesonic [ = 0 branch @filSymp(Cnl:O) with deformation parameter €y ,(r, 1 =
0) and low energy SU(M) dynamics with scale A(M,p,l = 0). This branch describes p
D3-branes on the deformed conifold.

The other branches involve the strong coupling dynamics. The easiest way to find
them is to dualize the SU(Ny) theory as in [fi] . This leads to an SU(2Ny — Ny =p — M)
gauge theory with dual quarks A and B, and the meson M. Restoring the second gauge
group SU(N3) we have a theory which is similar to the original one except that p — p— M
and the superpotential is

%AMB + hMM (8.3)

(the parameter p and its role are explained in [[J].) For generic M the dual quarks A
and B acquire a mass and then the dual gauge group SU(2Ny — Ny = p — M) can be
integrated out leading back to (B.1)). This way we recover the previously discussed mesonic
branch with [ = 0. However, this theory also has another branch which is not obvious in
the original degrees of freedom.

We can integrate out M in (B.3)
M~ BA (8.4)
uh

to find a theory which is similar to our original theory except that p — p — M. 5 This
theory has several branches. One of them is a mesonic branch ®,Sym,_»/(C), whose
deformation parameter will be determined shortly. This branch arises similarly to the
I = 1 branch for p = M + 1 where the role of the dual quarks was played by A and B.
The U(1)paryon is again unbroken, and the classical limit of this branch coincides with a
subspace of the [ = 0 mesonic branch. We interpret it, as there, in terms of a bound state
at threshold of 2M D5-branes and M anti-D5-branes. In addition, we find p— M D3-branes
moving on C,j—.

Now let us analyze the parameters of the low energy theory generalizing the discussion
for p = M + 1 in section []. For simplicity, we set the parameter u in (B.3) equal to the
scale of the group which is being dualized, A;. First, we write the gauge theory as

SU(Ny = p) x SUNy =p— M) (8.5)

5As explained in section ﬁ about the p = M + 1 theory, after we have done this we can no longer recover
the | = 0 branch.
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to agree with our general notation with Ny > Ny. Therefore we have

M=M; p=p—-M (8.6)
Next, it is clear that the quartic coupling is
- 1
h~—s 8.7

The instanton factor of the second group SU(Ny) is related to its dual SU(N;) using
ASMAPAP=SME 20 — AP and therefore

Ay = Ay (8.8)
The instanton factor of the microscopic SU(Ns = p) is Ag_QM. After the duality this

theory has 2(p — M) fundamental flavors and four adjoints. Therefore, its instanton factor
. A3p72(p7M)f4p o A2M73p Apf2MA4(pr)
18 Ap =4 ~ Ay 1

the scale of the SU(N; = N) theory is

ApFRM NZMZ30 (£ 2) 40 o g JOVEP) \pm2M (8.9)

. After the adjoints get a mass of order hA?,

Now, we can use our earlier result about the [ = 0 branch of this low energy theory. Using
B-4)-(B-9) we can express the results in terms of the original microscopic parameters

AT, 5,1 = 0)M ~ WPATYHP  (hA3)M P (P A} M)
= hM+3pAf(3M+p)AI2’*2M ~ A(M,p,l = 1)3M (8.10)

exactly as in (B.3).
Using (B:10) we can find the deformation parameter for A,;B” and finally for the

cigenvalues of the meson vVhAM (use (B4) with = Aq)

FUNEIN L 1
emp(r,l = 1) ~ méﬂ;f’ﬁ(nl =0) ~ (A(M,ﬁ,l _ 0)3M) Mo (A(M,p,l _ 1)3M) L
(8.11)
which agrees with the general expression in (B.6).
Now it is clear how we can continue dualizing this way to find our final answer for the
moduli space
ML @o Symp_1n(Cri) (8.12)
with

1
emp(r,l) ~ (A(M,p,l)?’M) M
A(M, p,1)*M ~ pp++2p) A GMAR)EEL) p (o200 (8.13)

After the duality, the integration out of the meson M does not handle correctly the
branch of the moduli space of the largest dimension (I = 0), but the next branch with [ =1
becomes manifest. This branch was interpreted as a bound state of 2M D5-branes and M
anti-D5-branes near the tip of the conifold. As we continue to dualize the story repeats
itself and we find more branches which correspond to bound states of (I + 1)M D5-branes
and [M anti-D5-branes. The cascade stops when we use up all the available D5-branes in
this fashion.
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9. Consistency checks — relations between theories and branches

By considering various boundaries of the moduli space we can find relations between the
different branches of different gauge theories. These relations provide nontrivial consistency
checks of our expressions (B.3) (B.6).

First, consider the limit as one of the eigenvalues of M is moved to infinity. In terms
of the brane interpretation this corresponds to removing a D3-brane from the system. In
the gauge theory this has the effect of changing p — p — 1, and adding a U(1) factor. In
([{9) we expressed the instanton factors of this low energy SU(Nj —1) x SU (N2 — 1) theory
in terms of the microscopic scales

N T ) 0.1)

Clearly, the parameter h does not change, h=h. It is easy to check that the transforma-
tionsp —-p=p—1and A; 3 — [\172 map

Li(M,p) = RPRIMTP ~ Ly (M, p)
Lo(M,p) = RMFTPAL*M o Ly(M, p)

and therefore our relations (B.3)(B.6) are mapped consistently

AM,p,1)*M ~ Ly(M,p)I(M, p) ~ A(M,p,1)*M

énvrp(r,1) ( (M, p,l) > i ~ epmp(r,1) (9.3)

As expected, the moduli space of the remaining branes is not affected by removing a D3-
brane.

Clearly, we can iterate this process as long as p remains positive. As explained in the
previous sections, if we continue this way down to p = 0 we do not find the one complex
dimensional baryonic branches. Instead, we find them as zero dimensional branches because
effectively the baryon number symmetry is now gauged. As we continue down this road
to smaller values of p, we loose the branches with large values of [. This is expected from
the brane picture. However, it is important that the branches which are found have their
correct deformations and scales.

The process of reducing p relates all A(M,p,l) to A(M,p = IM,l). Our second con-
sistency check involves the value of this scale. When we discussed the p = M theory in
section f], we checked that A(M,p = M,l = 1) was obtained correctly in two different
regions of the moduli space (6.J). This discussion is easily generalized to higher I. Far
out along the baryonic branch of the 5 = 0 theory we have the expression ([.11)) which
is based on the nontrivial embedding of SU(M). Near the origin of the moduli space the
same expression is easily found using matching relations and the dual theory (we do not
give the details here).
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These two checks are nontrivial tests of our expressions (B.3)(B.6) and the brane in-
terpretation. They reinforce the interpretation of the bound state being the same bound
state for any value of p with the same M and [. Also, it is the same state which is visible
semiclassically along the baryonic branch of the p = 0 theory. Clearly, removing D3-branes
from the system should not affect the bound state.

Finally we comment that the duality transformations relate different values of I:

I=1-1 (9.4)

More explicitly, we now generalize (8.10])(B.11)). Every duality transformation maps the

parameters as in (B.5)-(B.9)

Aﬁ+2M ~ h4pA411(M+p)A]2)72M (95)
Therefore,
Ly(M,p) = WPAY™P ~ Ly(M,p)I(M,p)

. st pe 1
Lo(M,p) = hMFPALM

Then, using (P.4) we have
AL, 3, )M ~ Ly (M, p)E(M, p)! ~ Ly(M, p)I(M,p)' ~ A(M, p, 1)

p
éMyﬁ(r,lA) ~ < M, p, 1) > ~ emp(r,l) (9.7)

[

This last consistency check, which is associated with a change of [, has the following
brane interpretation. As we cascade down the conifold we change the theory, p — p — M,
the parameters of the theory (P.g), and the branch [ — [—1. This means that the number of
D3-branes which are free to move is unchanged but the bound state includes fewer branes.
Since this description is valid only closer to the tip of the conifold, this means that this
bound state with smaller [ is physically smaller. More heuristically, we can think of these
bound states as being large atoms with many electrons. As we cascade down to smaller p
and smaller [ the space we look at is getting smaller and only electrons in inner shells fit
in the space and can be included in the bound state.

The fact that the parameter I(M, p) does not change under the transformations (P.§)
is consistent with our identification I(M,p) = €*™7 in the type II theory. In the weak
string coupling limit |I(M, p)|([13.4)1 the deformation parameter

lentp(r, D] ~ lenrp(r, L = O)|[T(M, p)|M ~ Jerrp(r, 1 = 0)]e /(910 (9-8)
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This is in exact agreement with the dual string theory.> We may embed the SU(M +
p) x SU(p) gauge theory into a string compactification as in [R§. Then, the 5-form flux
conservation gives the constraint p = [M + Np.c.. Here Np.c. is the number of mobile
D3-branes, M is the number of units of the RR 3-form flux though the A-cycle, and [ is
the number of NS 3-form flux units through the B-cycle (i.e., the number of cascade steps).
Since each cascade step reduces the mass-scale of the theory by a factor e2m/(3gs M) B9, B4

the string calculation gives € ~ M Stringei%rl/ (9sM) “in perfect agreement with (P.g).

10. Turning on a Fayet-Iliopoulos term

In the previous sections we occasionally discussed the effects of gauging U(1)peryon and of
turning on a Fayet-Iliopoulos parameter £. Since we will use such a term below, in this
section we summarize and comment on these results.
Consider first the effect of gauging this symmetry with & = 0. The moduli space of
vacua is the same as (B.1)
@f’wzl 6956:0 Symp—lM(Cr,l) (10'1)

except that for p = kM the factor Symg(C, =) is a point rather than a copy of C. Also,
the number of U(1) factors in the low energy theory is always given by p — [M; i.e. all the
moduli are in N' = 4 multiplets.
Now, let us consider a non-zero value for . For a small U(1)paryon gauge coupling g,
the effect of £ can be analyzed in the low energy theory. For generic values of M and p,
the low energy theory is U(1)P~'™ and there are no light charged fields. ¢ is the Fayet-
Iliopoulos term of a particular linear combination of these U(1) factors. Since there are
no massless charged fields, it is clear that supersymmetry is broken, and for small g the
vacuum energy is
_ g€
2

This agrees with our classical answer ([.§) but this derivation is more general because it

1% (10.2)

includes also all the quantum corrections due to the strong SU(N;) x SU(N3) dynamics.

There is only one exception to this result. For p = kM the theory with & = 0 has
M isolated vacua with | = k containing no low energy gauge fields. In these vacua the
U(1)baryon gauge symmetry is Higgsed. Therefore, turning on £ in these vacua does not
break supersymmetry, but instead it moves the vacuum in field space. It is important that
even in this case of p = kM the result ([[0.9) still applies to the other branches of the
moduli space with [ =0, ...,k — 1.

Let us consider the specific example of the theory with p = kM + 1 on the branch
with [ = k. Different values of k are related by the duality transformations (the example of
cascading from k = 1 to k = 0 was discussed in section []). Therefore, we can focus on the
simplest case, p = 1, where we find an SU(M + 1) x U(1)paryon gauge theory with the A
and B fields. The moduli space is described by a single D3-brane moving on the deformed
conifold C, o: in the gauge theory its position is encoded in the meson fields M. We will

5The following argument is due to J. Maldacena.
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consider the leading order effect in the U(1)pgryon gauge coupling g far out along the flat
direction. There we can use the classical approximation to find the potential
1

a 2
292 (\AMP — |B|? — 6. (10.3)

So, the potential of a moving D3-brane picks up a positive constant shift g2¢2/2.

We can also see this effect without gauging U(1)pgryon. Consider the p = M + 1
theory and separate a single D3-brane. As we discussed at the end of section [§, here
SU(2M + 1) x SU(M + 1) is broken to SU(2M) x SU(M) x U(1). So, in addition to
containing the meson Mg, our low-energy theory is the p = M theory with gauged
U(1)paryon, whose gauge coupling originates from the non-Abelian gauge coupling gy .
This gauging removes the baryonic branch of this theory. But we could attempt to move
the fields in the direction of the baryonic branch by turning on a nonzero value (U) ~ U
in (.J). Since the baryonic branch is lifted, this breaks supersymmetry and leads to a
potential for M or order U2. In section [[§, we will find the supergravity dual of this effect.
We will treat this mobile D3-brane as a probe and will calculate its potential. The nonzero
value for U will appear because we will place the D3-brane on a resolved warped deformed
conifold.

11. Matching gauge theory and string theory

In this section we would like to analyze various objects in the theory, and compare their
gauge theory and string theory descriptions. These objects include domain walls, and

confining and solitonic strings.

11.1 Domain walls in the gauge theory

In field theories, domain walls interpolate between different vacua. What are the possible
domain walls in the confining SU(M + p) x SU(p) gauge theory? First, it is clear that
there are no domain walls interpolating between two different vacua on the same branch.
Such a domain wall simply spreads out and becomes infinitely thick.

Second, we examine domain walls interpolating between vacua on different branches.
The most interesting case is when the wall interpolates between two branches with different
r but with the same value of . Branches with the same [ have a natural one-to-one map
between them. Therefore, we consider a domain wall which interpolates between a point
in branch r and its image in branch r’. As far as the low energy SU(M) theory, this
is a familiar situation of a domain wall which interpolates between two of the M vacua
produced by the breaking of the Zsys R-symmetry to Zs [L4][L5]-[Lf]. Therefore, we learn
that this domain wall is BPS and its tension is

M|AM, p, )35 — 57 )( (11.1)
For large M this becomes
M |A(M, p, l)3(e% — e%)‘ — 27 ‘A(M,p,l)?’(r — ") (11.2)
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Standard large M counting has A(M, p,1)® ~ M [1d], and the tension of the domain wall is
of order M. Therefore, in the ‘t Hooft limit, this scales as a D-brane tension [[L]. Indeed, in
the string theory dual of our gauge theory these domain walls are the D5-branes wrapping
the S* at the bottom of the deformed conifold r — r’ times [f, B, B§.

The domain wall tension ([11.1]) is independent of the moduli. This is a general property
of BPS domain walls. Consider a BPS domain wall which interpolates between a vacuum a
and a vacuum b. Its tension is |W(a) — W(b)|, where W (a) and W (b) are the values of the
superpotentials in the two vacua. Now assume that either the vacuum a, or the vacuum b
or both are on a moduli space of supersymmetric vacua. Then, it is clear that W (a) and
W (b) are independent of the moduli; otherwise, that superpotential would have led to a
potential along the moduli space. Since W (a) and W (b) are independent of the moduli, so
is their difference, which is the tension. This simple argument shows that the tension of a
BPS domain wall is independent of the moduli.

A slightly more complicated example is obtained from the one we have just discussed
by letting the domain wall interpolate between two vacua which are not isomorphic. It
is clear that the lowest energy configuration is obtained by first interpolating between
two isomorphic points, as above, and then interpolating to the desired vacuum. It is also
clear that this second step in the interpolation will make the wall spread out and make it
non-BPS.

The most complicated example occurs when we try to interpolate between vacua with
different values of [. Since there is no one-to-one correspondence between branches of the
moduli space with different [, it is clear, by the argument above that such domain walls
cannot be BPS. The most we can say about them is that their tension is bounded by the
difference in the superpotential

.
2mir

T > M(A(M,p,z)?’e% ~A(M,p, )35

= M[A(M,p,1 = 0)° (1(M,p) T F — 1(M, p) 75 )|
M ‘A(M,p,l = 0)? (27 — 2ri) ‘ (11.3)

where we have used I = e2™" = ¢2™™M and the fact that in the ‘t Hooft limit, 7 is of order

one. In the supergravity approximation, |7|([[3.4)1. Then, we may expand
T>M ‘A(M, p,l=0)3 (e%i” - e%iﬂ’)( ~ oM [A(M,p,1 = 0371 —1)| . (11.4)

So, this tension is bounded from below by order M?2. In the ‘t Hooft limit, this scales as
an NS5-brane tension. Indeed, these domain walls are dual to the NS5-branes wrapping
the S at the bottom of the deformed conifold [R9].

11.2 Domain walls in the dual string theory

In the supergravity duals, the BPS domain wall separating the adjacent vacua is a D5-brane
wrapped over the round 3-sphere at ¢t = 0 [{, 7, B§. In section 14.1 we will show that
the tension of this wrapped D5-brane does not depend on the baryonic branch modulus,
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in agreement with the field theory considerations. Therefore, to calculate the tension of
the wrapped D5-brane, we will work at the Zs symmetric locus on the baryonic branch,
|A| = |B|, described by the warped deformed conifold solution [[§]. Recall that the metric is

ds3y = Hyd*(t)da® + H/2(t)ds? (11.5)

where ds% is the Calabi-Yau metric on the deformed conifold

22 =g2, (11.6)
i=1
Its explicit form is given, for example, in [[f]. At ¢t = 0 one finds a round 3-sphere of
radius-squared £%/3(2/3)1/3. Hence, its volume is 272¢2,/2/3. The tension of the domain
wall is
T = 52i : (11.7)
16m3gs(a’)3
Note that powers of Hxg(0) cancel in this calculation, since the D5-brane has three direc-
tions within R®! and three within the deformed conifold.
To match the string and field theory parameters, we set ([L1.7) equal to the field theory

result,

52

s M ( 0/)3 :
Since both € and gsM are held fixed in the ‘t Hooft limit, we see that A(M, p,1)? is of order
M [[[§." Thus, the IR scale kept fixed in the large M limit is

A(M,p,1)3 ~ M (11.8)

A(M,p,1) = M~PA(M, p,1) (11.9)
and we find )
8 ~
~ gsMA(M,p,1)3. 11.10
POE g (M,p,1) ( )

The cascading theory has another type of domain wall which separates vacua with
adjacent values of [. The dimensions of the moduli space on the two sides of this domain
wall are different, hence this domain wall cannot be BPS saturated. Therefore, its tension
is not given by the difference between the values of the superpotential. In the supergravity
dual this domain wall is an NS5-brane wrapped over the 3-sphere [R9. To see that this
identification is correct, we note that the M units of RR flux through the 3-sphere require
that M D3-branes end on the NS5-brane (this is the Hanany-Witten effect [BJ]). Hence,
upon crossing the domain wall, we find M additional D3-branes corresponding to ! — [ —1.
This is why the dimensions of the moduli space differ on the two sides of the domain wall.
The presence of the M D3-branes attached to the wrapped NS5 makes it difficult to define
the domain wall tension: it is a boundary term that must be separated from a much bigger
bulk term related to the back-reaction of the M D3-branes filling R*! on the supergravity
background. Hence, the calculation of the non-BPS domain wall tension is a difficult task.

&2

"Comparing with the conventions of (@), where € ~ A(M, p,1)?, we find € ~ MW. The fact that

in the 't Hooft limit e ~ A2 scales as M, while ¢ is of order one can be traced back to the scaling of the
coordinates M by \/E in @) Since in the 't Hooft limit h ~ M, the deformation in terms of M is of
order one.
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11.3 Interpolation in g;M and other comparisons

The large M cascading gauge theory has a continuous parameter gsM. For small g;M the
spacing between cascade steps is large [[], corresponding to the ‘choppy’ RG flow discussed
in detail in [[1]. Far in the IR such a theory is well-approximated by the usual N’ = 1
supersymmetric gluodynamics; hence, we expect the square root of the confining string
tension and the glueball masses to be of order ‘[X(M ,p,l)‘. Let us compare these results

with the supergravity predictions, which are valid for large g, M [Rf]:

£2/3 ‘A(Mm,l)‘

T2 11.11
S dVeM o (g M)YE T (10
2/3 (A(M,p,l)‘
~ ~ 11.12
Mglueball O/gsM (gsM)2/3 ( )
More generally, we have
T31/2 ~ ‘/N\(M,p,l)‘ fs(gsM) ) Mglueball ™~ ‘]\(M,p,l)‘ fg(gsM) > (11'13)

where f,(gsM) interpolates between a value of order one at small g,M, and the (g,M)~ /6

fall-off at large values. Similarly, f, interpolates between values of order one and the
(gsM)~2/3 fall-off. Interpolations of this sort are typical in gauge/gravity dualities.

Now, let us discuss D-branes at the bottom of the warped deformed conifold. In the
probe approximation, the D-string tension is

. 2
2malgs His(0)2 (g, M)Y3

(11.14)

Note that it is proportional to M. In the non-compact conifold case, there is a problem
with the probe approximation. The D-string introduces a monodromy of the massless pseu-
doscalar mode [J], which causes an IR logarithmic divergence. In the SUGRA calculation
this divergence comes from the perturbation dFpq, introduced by the string stretched in
the x! direction. Thus, to discuss the tension we have to introduce an IR cut-off. How-
ever, if we embed the deformed conifold in a string compactification, then the U(1)paryon
symmetry is gauged, and the IR divergence is removed.

The D-string at the bottom of the warped deformed conifold should be dual to a
solitonic string in the cascading gauge theory, which couples to the Goldstone boson [g].
The field theory discussion of such solitonic strings again presumes either an IR regulator,
which removes the logarithmic divergence in the tension, or a gauging of U(1)pgryon which
turns the string into a string of Abrikosov-Nielsen-Olesen type. On general grounds, the

tension of this string should satisfy
- 2
Tiotiton = M [AM, 0,0 1000 (9:M) (11.15)

where fsoriton(gsM) falls off as (g;M)~%/% at infinity. Note that there is no such soliton in
the N' = 1 supersymmetric SU(M) gauge theory. Therefore, we expect fsoiton to diverge
as gsM — 0.
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Another very interesting non-BPS object is the anti-D3 brane, whose tension is

- 4
813(a')2gsHrs(0)  (gaM)P/3

(11.16)

At a general coupling, we expect the energy of this excitation per unit volume to behave
as y
M ‘A(M,p,l)‘ f(gsM). (11.17)

Again, this object might not be present in the pure supersymmetric gluodynamics; there-
fore, fp(gsM) should blow up near zero. Thus, this is a very heavy object in the limit of
widely spaced cascade steps. The smallest theory where it may exist is SU(2M) x SU(M)
that appears at the bottom of the cascade. The fact that the tension scales as M suggests
that only one eigenvalue of the meson matrix M is excited.

12. Supergravity dual of the cascading theory on the baryonic branch

In this and the subsequent sections we review the dual supergravity description of the
baryonic branch of the cascading SU((k + 1)M) x SU (kM) gauge theory, and compare
various supergravity observables with the gauge theory along this branch. The simplest
gauge theory picture of the baryonic branch is found in the far infrared SU(2M) x SU(M)
theory where

A=iNM¢, B=iAM )¢, (12.1)

and ( is the complex modulus for the branch. The gauge theory with |¢| = 1 is described
by the warped deformed conifold solution of [f]. The gauge theory has a pseudoscalar
Goldstone mode [ corresponding to changes in the phase of (. Its supergravity dual was
constructed in [§. This mode vanishes at zero momentum, in agreement with the fact
that the Goldstone boson has only derivative couplings. Therefore, position-independent
changes of the phase of ( do not produce any new supergravity backgrounds.

The baryonic branch of the supergravity backgrounds is labelled by a real parameter
|¢|. In [H] it was proposed that this branch falls within the Papadopoulos-Tseytlin (PT)
ansatz [ for backgrounds of IIB SUGRA describing the deformed conifold with fluxes.
The ten-dimensional metric of the PT ansatz is®

ds?y = H Y2da,,dzx,, + e*ds?
2
dsi = (¢9 +a*e 9)(e} +ed) +e Z (el2 — 2ae;€;) + v (& + dt?), (12.2)
=1

where H,x,g,a,v are functions of the radial variable ¢{. The definitions of the 1-forms,
and the ansatz for Hs, F3, F5 are reviewed in appendix [A]; we ask the reader to refer to
the notation there. While the necessary backgrounds are quite complicated, they simplify
considerably in the large radius (UV) limit, where they approach the asymptotic cascade

8Following [E], we use this ansatz for the string frame metric.
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form found in [d]. This asymptotic may be approximated by AdSs x T! modulo slowly-
varying logarithms [] which are present due to the logarithmic RG flow in the dual gauge
theory [J.

The PT ansatz is SU(2) x SU(2) invariant but in general breaks the Zgs symmetry
that interchanges the two S?’s of 71!, In the field theory the corresponding symmetry is
the interchange of A, with B, accompanied by charge conjugation in both SU(Np) and
SU(No) [[ll. This Zg symmetry is restored for the warped deformed conifold solution of [f]
corresponding to || = 1. Since the breaking of this discrete symmetry is associated with
the resolution of the conifold, the solutions with broken Zo may be called resolved warped
deformed conifolds.

The PT ansatz was originally introduced in search of an extrapolation between the
warped deformed conifold (KS) background [fj], which preserves the Zs symmetry, and the
Maldacena-Nunez (MN) background [27] which breaks it. In [§] the linearized deformations
around the KS background, which are Zs odd, were found using the PT ansatz. They were
interpreted as the supergravity duals of small motions along the baryonic branch of the
cascading gauge theory, corresponding to |¢| &~ 1. It has been conjectured that far along
the baryonic branch the background approaches the MN background [@] However, this
cannot be true far in the UV since the MN background asymptotes to a linear dilaton rather
than to the KT solution []]. Subsequently, Butti, Grafa, Minasian, Petrini and Zaffaroni
(BGMPZ) wrote a remarkable paper [[(J], where the method of SU(3) structures was used to
derive a system of coupled first-order equations for the functions a(t) and v(t), describing
an N = 1 supersymmetric solution to the PT ansatz. The solution of these equations
determines other unknown functions (see appendix [§), so that the problem of constructing
the family of supergravity duals of the entire baryonic branch became tractable, at least
numerically. It turns out that the backgrounds far along the baryonic branch do approach
the appropriately shifted MN solution in the IR, yet in the UV they have the cascade
asymptotics of [H].

12.1 Relation between the warp factor and the dilaton

We will be particularly interested in the the dilaton profile ¢(t) and the warp factor H(t)
which determine the tensions of many probe branes. In our conventions, the position-
dependent string coupling is g,e?®, and we set ¢(00) = 0. The dilaton profile is determined
by (L] ;
(C-D@C-1?
12.3
wCc-1s ° (12:3)

with the definitions of functions b,C, S given in appendix [B. The equation for the warp

¢ =

factor may be written in the form
H = -K(t)e 2OH(1), (12.4)
which implies that the self-dual 5-form field strength is

gsF5 :d(H_l) ANdtz 4+ K(t)ey Aeg Aey Aex A es, (12.5)
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i.e. gsCo123 = H1(t). Using ([[2.3) and formulae in appendix [B, we find that

B 2¢/
2x(t) _
K(t)e =120

Hence, ([12.4) may be written in the form

2¢/
/r_ =
H = 0] H(t). (12.6)
This may be integrated to give
H(t)=H (e*%(t) - 1) , (12.7)

where H is an integration constant. To achieve a decoupled field theory in gauge /gravity
dualities, one requires that the warp factor H(t) vanishes at infinity. Since ¢(co) = 0,
(12.7) clearly satisfies this requirement for any H. A more detailed analysis of the boundary
conditions at large ¢, which will allow us to determine H, will be presented in the next
section.

13. Boundary conditions and analysis of solutions

To specify the solution completely, we need to fix the boundary conditions in the UV
region t — oo. In order to find the correct boundary conditions on the solutions along
the baryonic branch, let us recall the Zy symmetric KS solution [f]. In terms of the PT
variables, this solution has

b
cosh(t)’

3 t
vgs = = | coth(t) — ——— ] ,
K579 ( (¥ sinhQ(t)>
eIXS = tanht,

aKs =

¢KS = 05
e Mest) = Hyes(t) = 27¥391(8), (13.1)
where we define
&0 thax — 1
I(t) = / dr 0 (sinh 2z — 22)'3 . 4 = 2198(g, Ma/)2e 3. (13.2)
¢ sinh” x

One finds 6] that 1(0) ~ 0.71805, while for large t,
I(t) — 3277834t —1)e M3

The large t expansion of the warp factor is therefore given by

3 25t2 — 85t + 12
VTUH() = e et -1) — R PES [OE IS <e*16t/3) . (13.3)
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Moving along the baryonic branch away from the Zo symmetric solution of [[] corre-
sponds to changing expectation values of fields in the cascading gauge theory. In the dual
supergravity description, such changes typically preserve the leading asymptotics of the
fields but affect the sub-leading terms [BJ. This is the standard fact for asymptotically
AdS spaces, and is expected to apply also to the cascading case where the UV asymptotics
differ from AdS only by logarithmic corrections. Thus, for the entire baryonic branch of
solutions we will require that the leading asymptotics are the same as in the KS case, i.e.
a(t) — —2e~t, v TH(t) — 3%6*4t/3(4t — 1), etc. Similarly, we require that ¢(o0) = 0.

13.1 Expansion around the KS solution

The baryonic branch solutions that break the Zg symmetry slightly were found in [f:

a(t) = axgs(t)(1+27°BUZ () +0(U?), 9 = 955 (1+27°BUZ () +0(U?), (13.4)

where .
tanht — ¢
Z(t) = : 13.5
®) (coshtsinht —t)1/3 (13.5)
Thus, the asymptotic expansion of a(t) is’
a(t) = =2t +Ue™BE—1)+... (13.6)

and U parameterizes the resolution of the conifold [BJ], which breaks the Zs symmetry.
In the gauge theory this parameter is proportional to the expectation value of the Zs odd
operator U (@) The corresponding metric component measures the difference between
the radii-squared of the (e, e2) two-sphere and the (e, €2) two-sphere:

e (9 + e 9(a® — 1)) ~ U(tcotht — VHY2(t) + O(U?). (13.7)

For large t, this falls off as t3/2¢72/3 ~ ¢4/3(Inr)3/29=2 (here r ~ €2/3¢!/3 is the radial
variable of the near-AdS asymptotic []). This is in agreement with &/ having dimension
2 [B. Hence, the expectation value of the operator may be read off from the coefficient
of the leading asymptotic (see [BJ] for a study of one-point functions in the cascading

background):
y £4/3

The expectation value of U is related to ¢ (see ([[2.1])) through
Uy ~ MA?1In[¢]. (13.9)

Therefore,
U~In|c|. (13.10)

9The parameter U coincides with ayy introduced in [E] We use U here rather than ayyv to stress the
fact that U is proportional to the expectation value of the operator U (E) Therefore, U parameterizes
the IR physics rather than UV: it is the modulus of the vacuum on the baryonic branch.
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As shown in [[[d], the UV asymptotic expansions of ¢ and H are

p(t) = —3U2e*4t/3(4t -1)+0 <U4e*8t/3) : (13.11)
64
3
—1H _ —4t/3 4t — 1) — 2 ) 3 4 2 1752t — 84 —8t/3
YH(E) = e (4 = 1) = oo U (25687 — 86417 + 1752¢ — 84T)e /P
+0 (e710/%) (13.12)

Comparing them with ([2.7), we find that
H=~U"?. (13.13)
In fact, taking U to zero in ([2.7), we find the expression

o(t) = —271BU2I(t) + O (UY) (13.14)

valid for all ¢; i.e. the O(U?) term in ¢(t) is proportional to Hxg(t). The UV expansion
([13.11)) is reproduced by ([13.3).

Moving along the baryonic branch corresponds to changing U ~ In |(]. It is also useful
to parameterize the branch using the parameter y = y(U) which is defined via the IR
expansion [[L0]

Y

1
— a2y 13.15
a +<2+3> + ( )

Comparing with the notation in the BGMPZ paper [[L(],
y =3{pemprz —3/2, (13.16)

but we will reserve £ for denoting the Fayet-Iliopoulos term. Now, y € (—1,1) and the Z
simply acts as y — —y. Thus, at the KS point U = y = 0, corresponding to |A| = |B|. As
|A| — 0, we instead have y — —1 and U — —o0; in this limit the MN solution is approached
in the IR, but the UV boundary conditions correspond to the cascade rather than the linear
dilaton. y may be determined as a function of U through numerical integration.

13.2 Behavior far along the baryonic branch

The initial idea motivating the PT ansatz was that it may interpolate between the KS and
the MN solutions. For the MN solution corresponding to y = —1 or U — —o0,

t2
sinh?t

t
sinh(t)

apyN = — , VMN = \/—1—{—2tcotht— (13.17)
We see that this does not have the asymptotics ([[3.6), which indicates that y = —1 is a
singular point which has to be excluded from the baryonic branch. However, the solution
can be arbitrarily close to this point and still lie on the baryonic branch. In fact, far along
the baryonic branch the solutions become close to the MN solution in the IR, but strongly

depart from it in the UV: in the UV all baryonic branch solutions have the “cascading”
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Figure 1: Plots of a(t) and v(¢). The KS plot is shown in red, y = —3/4 (U ~ —3.3) in green,
y = —0.99 (U ~ —20.1) in blue, and MN (y = —1) in black.

KT asymptotics that are AdSs x T'! modulo slowly varying logarithms, while the MN
solution asymptotes to the linearly rising dilaton:

9 —-1/2
e*PMN . sinht (—1 + 2t cotht — —2> . (13.18)
sinh® ¢
For the solution on the baryonic branch, we instead fix ¢(occ) = 0. Then the IR value of
the dilaton field, ¢(t = 0) = ¢y, starts from 0 for U = 0 and approaches —oo for |U| — oc.
Therefore, ¢g and U are both zero in the KS case and approach minus infinity in the MN
limit y — —1. We will later show that for large |U|, e=% ~ |U[3/4; i.e. the effective string
coupling is much weaker in the IR than in the UV.!0 This means that for |U| so large that
gsMe® becomes small, the supergravity background becomes highly curved in the IR and
cannot be trusted. This follows from the fact that the radius-squared of the S® at ¢t = 0 is
of order o gsMe®.
In figures ] and f| we present the plots of a(t),v(t) and of ¢(t), H(t) for the KS (y = 0),
MN (y = —1) and intermediate values y = —3/4 (U ~ —3.3) and y = —0.99 (U ~ —20.1).
Figure fj contains the profile of the dilaton for y = —0.99 and the exact MN dilaton
shifted in a way that it starts from the same value at t = 0 as ¢,—_p.99. The two graphs
are almost identical near ¢ = 0 but ¢,—_g.99 quickly approaches zero while ¢y grows
without bound. The plots of ¢(t), a(t) and v(t) show that even the y = —0.99 solution
approximates the MN solution well only for ¢ up to around 2. More generally, one can argue
that, as y — —1, the solutions approximate the MN solution up to t ~ —In(1 + y). Thus,
the approach of the IR behavior to that of the M N solution as y — —1 is logarithmically
slow.

107f instead of keeping g fixed, we take a double scaling limit where U — —o0, and g5 ~ |U|3/47 then we
recover the MN solution |
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Figure 2: Plots of ¢(¢t) and H(t). The KS plot is shown in red, y = —3/4 (U =~ —3.3) in green,
y=—0.99 (U ~ —20.1) in blue.

1k [—y=1mN
— y=-0.99

Figure 3: The red line is the dilaton profile for y = —0.99 (U &~ —20.1). The blue line is the M N
dilaton profile shifted in a way that it starts from the same value at ¢ = 0 as ¢,—_0.99.

14. The IR physics

The IR physics is governed by the geometry near the origin ¢ — 0:

b0 )\
— (&
dsty = Hy 'de® + =7 (df* + g3 + 263 + 293) + O(1),

gs = ¢ g_61+63 g_€2+64
5 35 3 \/5 ) 4 \/5 )
Hy = U2 <€72¢0 - 1) , A=y 2(1 — %), (14.1)

We see that in the far IR region the geometry is just R®! x S x R3. The radius-squared
of S3 is R? = e®\.
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Figure 4: The tension of a wrapped D5 brane.

14.1 Tension of the BPS domain wall

A D5-brane wrapped over the round S? at ¢ = 0 is the BPS domain wall separating two
adjacent vacua (there are M inequivalent vacua corresponding to the phase of the gluino
condensate). This is well-known to be a BPS object in the gauge theory, and we will see
a reflection of this in the dual string theory: the tension does not depend on the baryonic
branch parameter U.

The tension of the wrapped D5-brane is

1 _ 1 _ 3/4
T = Hy 2032 = g ety 32 (1 20) T (14.2)
2(2ma!)3gs 2 (2ma’)3gs

A numerical plot of this quantity as a function of U is given in figure . It is constant
within the numerical precision of the calculation. This is a nice check of the boundary
conditions we have imposed on the supergravity solution.

Let us introduce k via
29, (2ma V3T = 3/4k3/4 = H 34 eb0/2)3/2 (14.3)
The value of k is easy to find at the KS point where, according to [H, f]
Aks = (kHg(0)Y? = 671/321(0)/% = 0.93266 , (14.4)

and therefore
k=21372/3 (14.5)

The irrational constant I(0) cancels because at the KS point all dependence on H (0) cancels
for such a wrapped brane: it has 3 directions within the conifold and 3 directions within
R3!. This is indicative of the BPS nature of the wrapped D5-brane.
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Figure 5: The confining string tension.

The constancy of k provides us with a relation between U and the quantities ¢y and y
which are determined through integrating the equations from large ¢ to t = 0:

U? = ky?e 8/3% (14.6)

At large |U], |y| approaches 1. Hence, using ([4.6), we see that e~?0 scales as |U|*/%. Using
(14.6), we also find

—2¢o __ 1 —2
Hy =~ = Y kfye?%/?’ <1 - 62¢0) . (14.7)

This implies that Hy ~ |U|~/2 for large |U].

14.2 Tensions of the fundamental string and anti-D3 brane

The dual of the confining string is the fundamental string placed at t = 0. As follows from

(14.1)), its tension is
1

—-1/2
H . 14.8
ol ( )

T, =

This is not constant along the branch, in agreement with the fact that the confining string
is not BPS saturated. Using (|L14.3), we have

Hy % = 471212 00/3 )2 (14.9)
At large |U|, A approaches 1; hence, T, diverges as e~?/3 ~ |U|Y/%. Figure [ shows T} as
a function of U. We have also calculated some glueball masses along the baryonic branch,

and we find that they again diverge as a positive power of |[U|. We postpone a detailed
presentation of the glueball results to a future publication.
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Figure 7: The D3 brane tension.

Now consider an anti-D3-brane parallel to R3!. 11 It falls to ¢t = 0 for all values of U
including U = 0. The tension of an anti-D3 brane placed at ¢t = 0 is

T3 U?
1 -1 ( _—¢o _ v
Ty = T3Hy " (e7 +1) = =l (14.10)
where the normalization factor is the D3-brane tension
T5 = 1 (14.11)
T 8r(a)2g. '

1We thank J. Maldacena for his very useful input on the following paragraph.
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The plot of this quantity as a function of U is shown in figure . For large |U| it again
grows as |U[?/4. The tension does not vanish at U = 0 reflecting the fact that the anti-
D3 brane breaks supersymmetry in the KS background; furthermore, for small U it rises
as ~ U2. This means that the scalar mode corresponding to motion along the baryonic
branch has become massive. Thus, the non-supersymmetric metastable state of the gauge
theory, which is dual to the anti-D3 brane at the bottom of the KS solution, does not have
a baryonic branch. For consistency, the massless pseudoscalar Goldstone mode should also
be absent from the spectrum. In fact, it is eaten by the U(1) world volume gauge field on
the anti-D3 brane, which becomes massive. The term in the world volume gauge theory
responsible for this is

/dA/\CQZ—/A/\Fg. (14.12)
Since F3 ~ *(da) [§], where a is the Goldstone mode, ([[4.19) becomes

/ AM9,,a, (14.13)

which leads to the Higgs mechanism for the world volume U (1).

15. The D3-brane and a new approach to brane inflation

The situation is even more interesting for a D3-brane parallel to R%!. Now the relevant
cascading gauge theory is SU(1 4+ M (k + 1)) x SU(1 + Mk). A detailed discussion of the
k = 0 theory was given in sections ] and [L0, and of the k = 1 theory in sections [| and [LJ.
We will find that the dual string theory results are in remarkable agreement with the gauge
theory.

The potential of the D3-brane is

V(t) = TsH™ (t)(e7®® — 1) (15.1)

The first term comes from the Born-Infeld term and has a factor of e=?®): the second
term, originating from the interaction with the background 4-form Cpi23, does not have
this factor. For the KS solution (U = 0), ¢(t) = 0 and V (¢) = 0; therefore, the potential
vanishes and the D3-brane may be located at any point on the deformed conifold. For

U # 0 we may use ([2.7) and ([3.13) to write

Ty U?
76*45(15) +1 ’

V(t) = (15.2)

Since ¢(t) is a monotonically increasing function, the D3-brane is attracted to ¢ = 0.
Plots of the potential (I5.1]) for U = —5 and U = —10 are shown in figure §. Note
that even at ¢ = 0 the D3-brane has a finite tension and breaks the supersymmetry.
The fact that the D3-brane has a non-vanishing potential for a background with U # 0
follows from the explicit form of the 10-dimensional Killing spinor [[I{] 12

W = o+ B

12We thank I. Bena for pointing this out to us.
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_ LR+t ., B= [ P (15.3)
(1—e?)1/8 (1+e?)1/8
The spinor 1 has a definite 4-dimensional chirality, and its charge conjugate ¥* has the
opposite chirality. At the KS point 8 = 0, and ¥ has a definite 4-dimensional chirality.
In this case a D3-brane is a BPS state. But for U # 0 ¥ does not have a definite four-
dimensional chirality, so none of the supersymmetries of the background are preserved by
the D3-brane.
For small U we may expand

V(t) = 5% (4U2 — 27 8B U* + O(U6)> . (15.4)
Hence, the attractive force on the D3-brane appears only at order U%. Note that in the
DBI action the kinetic term for the radial variable ¢ does not have a canonical form ~ ¢2,

where £ = 0t/0x°. Instead, we find the action

1 (3208 - H 00 - ). (15.5)
where — bt
F2= ;1171; _ (15.6)

The radial variable ¢ that has the canonical kinetic term may be found by solving the
equation dg/dt = f(t)y/T5. In the asymptotic KT region, ¢ coincides with \/T3r where the
standard variable r ~ £2/3¢t/3.
In models of inflation, one typically defines the parameters'
Mg, 5 (OV ? 2 1,—1
= —V —-— =Mp,V "' —5, 15.7

13This is a standard notation in the cosmology literature; this e should not be confused with the defor-
mation parameter of the conifold.
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and requires them to be small. For the potential ([[5.4) at small U we find that e ~ U
and 7 ~ U? for all t. At large ¢ there is further suppression of these parameters from the
fact that I(t) is exponentially small: this is obvious from the graphs in figure f.

For any U we can make ¢ large enough that 1> |¢(¢)|. Using ([L3.11) we see that this
is the case for

3
t3> S |U] ; r2e=43 > |U]. (15.8)
Then 2 2 2 2 4
vy U U U U U —at/3
L =~ — 4+ — ~N— —3—(4t -1 . 15.
7, = Teem = 7 T oW g gt — e (15.9)
Using this expression, we find '
0%V
-1 2_—4/3 —2t

Clearly, for any U this becomes very small at large t. To estimate the range of U for which
the slow roll conditions are obeyed, we need to model a typical compactification. For this
purpose, we introduce a cut-off at a large value of the radius, ¢y, where we find the scale

of order (o/)~1/2. Since ei/,S is the scale at the bottom of the inflationary throat, we have!®
£2/3
()12~ el /3, (15.11)
a

It is necessary that exp(tyy/3) is a large factor: say, 4 x 10® as found in [[7, appendix C].
Let us assume that MI%I is comparable to the string scale (/)~!, up to a factor that is not
very large (this is what happens for the numbers adopted in [[7, appendix C]). Then we

have ) 5
M oV
|"7| _ _ng—"lv—lw ~ U262tUV/36—2t ) (15.12)

Requiring that this is much smaller than 1 for ¢ around ¢y implies that
etov/3 s U2, (15.13)

This is the same as the requirement that ¢(tyy) is close to zero, ([[5.§); hence our treatment

appears to be self-consistent. The slow roll condition 1 > |5/, translated into ([[5.13), leaves

a very large range of U available to modeling of inflation. The same is true for 1 > e.
Hence, for a D3-brane moving on a resolved warped deformed conifold there is no

difficulty in achieving very small values of € and |n| required for the slow-roll inflation.
This suggests a D-brane inflation model similar to that of KKLMMT [17] (for earlier ideas

41n the supergravity solution the asymptotic flatness of the potential is due to the fact that all bary-
onic branch backgrounds asymptote to the KT solution [E], where a D3-brane experiences no force. This
mechanism for generating asymptotically flat potentials should apply to warped cones more general than
the conifold. For example, for the warped cones over Y7 found in @] the D3-brane is BPS. Resolution of
the naked singularity present at small radius may again lead to variation of the dilaton and generation of
a potential for a D3-brane. But at large radius the solution has to asymptote to that of @], so the force
on a D3-brane will vanish asymptotically.

15We will keep track of the exponential terms only, and ignore powers of .
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in this direction, see [BJ]), but without the necessity of an anti-D3-brane at ¢t = 0. However,
one also has to make sure that there are no additional, steeper corrections to the potential,
that are introduced by the compactification effects.

Let us compare the scale of inflation in our construction with that in the KKLMMT
model. In the KKLMMT model the asymptotic value of the potential is given by the
tension of an anti-D3-brane placed at ¢ = 0 in the KS solution, i.e.

275 28/3 22/3

S B, | NI | N —
S51(0) %0.718057

Hres(0) (15.14)

In our construction, the asymptotic value of the potential is T3U?/(27), which is of the
same order as ([[5.14) for U of order 1. Note that the large suppression relative to T is
due to the factor y~1 ~ e~4w /3 For U # 0 the D3-brane is eventually attracted to ¢ = 0,
and its tension there is

Ty, U?

V)=~
() 7€_¢0—|—1

(15.15)

The plot of this quantity as a function of U is shown in figure []. It vanishes at U = 0,
but for large |U| it grows as |U|>/%. Obviously, the addition of a D3 brane makes the
scalar mode massive and lifts the baryonic branch, in agreement with the conclusions from
section . The minimum of the potential is at the Zy symmetric KS point, U = 0. Even
though U is not a flat direction, let us imagine making U # 0 by hand, and adding a
D3-brane at large t. The parameter U induces the FI term in the U(1) gauge theory on
the D3-brane, whose gauge coupling is gy s. Hence, roughly, the flat potential

T;U? 1 U2 83
2y 22/373(gsM)? gs (o)

(15.16)

at infinity originates from the % g%, ué 2 D-term in this U(1) gauge theory. Indeed, identifying
¢ with () from ([13.§), we find

U2 88/3

1
_g%/M£2 ~ 9352 ~ (gsM)Qg_

5 T (15.17)

Up to a factor involving powers of g, M, this agrees with the probe D3-brane result ([15.14).
This extra factor may appear in extrapolating from small to large values of gsM (see
section for a discussion of similar effects).

In the above discussion, the deformation to nonzero U was put in by hand. In other
words, there is a potential for U which pushes it to the origin where supersymmetry is
restored. However, when the throat is embedded into a warped compactification, as in [,
the U(1)paryon becomes gauged, and we may add a Fayet-Iliopoulos term £ for it [[§]. (There
has been a lot of discussion about Fayet-Iliopoulos terms in string theory and supergravity.
Two typical examples are [Bg, B7.) Thel]?;ayet—lliopoulos term should force the throat

§(e)
Me4/3"
Therefore, to construct a real model of D-brane inflation we need to consider a flux

background to a non-zero value of U ~

compactification with a non-vanishing £, whose throat region is described by a resolved
warped deformed conifold, and add a D3-brane. This makes our construction similar to
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the D-term inflation of [[[J, P4]. That model assumes a U(1) gauge theory coupled to
chiral superfields X, ¢, and ¢_ of charges 0, 1 and —1, respectively. Then one adds the
superpotential W = AX ¢ ¢_ and turns on the Fayet-Iliopoulos term &. For sufficiently

large | X |, and with ¢4 = 0, the potential is found to be [[L9, (]

g2 | )\2‘X’2
n
1672 AZ?

V= %Lq?g? <1 + + O(g4)> : (15.18)
This model is similar to our construction for the SU(1+ M(k + 1)) x SU(1 + Mk) gauge
theory with the gauged U(1)paryon- In the simplest case of &k = 0 we find SU(M + 1) x
U(1)baryon gauge theory already discussed in sections H and [0, In our construction the
meson fields M4 are the analogues of the neutral field X, and the charged fields Aqq, Bg
are the analogues of ¢.

We can clearly see the asymptotically constant term in the potential in our probe brane
calculation, but we do not observe the logarithmic one-loop correction. However, in a flux
compactification, various additional corrections to the potential should appear. In fact, as
pointed out in [[[7], the effects of compactification could make the potential significantly
steeper than what the pure throat limit ([[5.9) indicates. Investigation of the effects of
compactification is beyond the scope of this paper, but we hope to address them in the
future.

To summarize, our proposal for stringy D-term inflation proceeds as follows. We
consider a warped compactification with fluxes, which has a warped deformed conifold
region. Then we turn on the Fayet-Iliopoulos term for the gauged U(1)pgryon Symmetry,
which forces a breaking of the Zs symmetry. As explained in [§, [[§] the throat limit
of such backgrounds is provided by the resolved warped deformed conifolds, that were
later constructed in [[[(]. Then we add a D3-brane that breaks supersymmetry, and show
that its potential as a function of the radius varies slowly, at least in the gauge theory
limit. Near t = 0 the potential gets steeper, and the D3-brane accelerates. After reaching
t = 0 the D3-brane will undergo oscillations and internal vibrations which could reheat the
Universe. After the D3-brane stabilizes at ¢ = 0 in a background with non-vanishing U,
it makes a positive contribution to the vacuum energy. This positive contribution could
be used to cancel the negative contribution to cosmological constant that arises through a
non-perturbative mechanism of the type suggested in [Bg]. As a result, the net cosmological
constant can be made small and positive, although this may require fine-tuning as usual.
Therefore, our approach appears to avoid the necessity of an anti-D3-brane [Bg], [[7] or a
D7-brane [R1] that played important roles in earlier constructions; instead, we use a D3-
brane on a resolved warped deformed conifold. We leave a detailed investigation of this
model for the future.

16. Discussion

We have found that the cascading SU(N7) x SU (N2) gauge theory has many branches of the
moduli space. It would be interesting to extend our systematic study of the moduli space
to more complicated cascading theories, for example to theories on D-branes near the tip
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of the cone over YP4. Some results on the asymptotic structure of the cascade are already
available [B4, Bg], while in the infrared different possibilities have been suggested: dynamical
SUSY breaking or runaway behavior where the supersymmetry is restored [[id][E1-[2]. In
fact, it is possible that some of the branches of the moduli space lead to dynamical SUSY
breaking while others to runaway behavior. Improved understanding of these issues should
facilitate work on finding IR completions of the cascading solution found in [B4].

Another interesting direction raised by our work is to embed the D3-branes on a
resolved warped deformed conifold into a string compactification with a Fayet-Iliopoulos
term. Such a model could be a useful variation on the KKLMMT model. These inflationary
models have natural generalizations to D3-branes rolling on other cascading geometries (for
example, those found in [B4]) embedded into flux compactifications.
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A. Review of the Papadopoulos-Tseytlin ansatz

The PT ansatz describes a warped product of the 4-dimensional flat space R*! and a non-
compact six-dimensional manifold M®, which is roughly speaking the deformed conifold
with some internal warp factors ([12.2).

The field strengths are [{f] (the forms ¢; and e; are defined below)

Hj3 = ho(t)és A (e1 ANep +ea Aeg) +dt ARy (t)(e1 Aea +e1 Aes)
+X'(t)(—€1 A ea+e1 Aea) + hh(t)(er Aea —ea Aer)],
F3 = PésNler Nea+er Aea —b(t)(er Aea — ez Aeq)]
+dt AV (t)(e1 Aer +ea Aed)],
9sFs = F5 + *10F5, Fs=K(t)er Nea Aep Aeg Nes. (A.1)

The six-dimensional manifold Mg has the topology of R! x SU(2) x SU(2)/U(1) = R! x
S? x S3 and the variable ¢ parameterizes the R'. The forms {ey, e} correspond to S?, while
the forms {e1, €, €3} are the left-invariant forms on S? as we will see below. The space at
constant ¢ approaches 71! in the UV region ¢ — oo. In fact, the UV asymptotic metric is
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AdSs x TH' modulo slowly-varying logarithms [[] which are present due to the logarithmic
RG flow in the dual gauge theory [[].

The description that makes the SU(2) x SU(2) symmetry explicit defines M via an
algebraic equation

detW = -, W = p() UL 205
a; b 0 «
i = 2 s 7 = ,
o= (G ) esve (5 5)
a; = cos(0;/2)e!Wite)/2 b = cos(6;/2)eVi=9)/2

ce~t/2 et 1
t) = V14+e2t, = — = — A2
pl) V2 ‘ “ V1+e? 4 V1+e2 (4.2)

Then one gauges the U(1) symmetry that acts by ¢; — 1; + (=1)!C and introduces the
invariant combination ¢ = v 4+, (¢p could be also understood as ¢ when ¢; = 0). Now,

we introduce the invariant forms ¢; (o; is the Pauli matrix)

2¢; = TT’(U;dUQUi) ,
€1 = sin sin Oadpo + cos Ydbs ,
€9 = cos Y sin Oadps — sinydbs ,
dip + cos ades , (A.3)

€3
and 2¢; = Tr(UdeUlai). The combination
€3 = €3 + €3 = dip + cos(61)dp1 + cos(62)depo (A.4)

is therefore also invariant under SU(2) x SU(2).
In the original form [ff], the PT ansatz uses SU(2), non-invariant forms

e1 = db €9 = —sinf1dey , (A.5)

rather than the invariant €1, é;. But eq, e appear only in combinations that could be rep-
resented via €1, éo. For this sake we introduce SU(2) g non-invariant forms é; = dfy, é; =
— sin fad¢, and then express SU(2) g explicitly invariant LHS via explicitly SU(2)y, invari-
ant RHS

e tel =81,

e1€1 + ex€x = €161 + €2éa,

et Nel+es Neg =€ NéL+ éx N ég,
e1Ney—eg Nep = —€1 Nég+ E9 Néq,

e1 Neg = —€1 N ég. (Aﬁ)

The PT ansatz is SU(2) x SU(2) invariant but in general breaks the Zs symmetry that
interchanges ej,es with €1,eo. This Zy symmetry is restored for the warped deformed
conifold solution of [fJ] by virtue of the identity e + a?e™9 = ™9 as seen from ([[2.9).
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B. First-order equations

The functions a, g, x,v, A, hy, ho, x, K depend on the radial variable ¢t only. The crucial
result of [[[Q] is that supersymmetry of the background requires a(t) and v(t) to satisfy the
coupled first-order equations

, V—1—a? —2a cosht (1 +acosht) asinht (t+ a sinht)

v sinh ¢ t cosht —sinht
; —3a sinht
V—1—a?—2a cosht
+v [—a2005h3t—|—2atcotht—|—acosh2t(2 — 4tcotht) + cosht (1 + 2a®

—(2+ a2) tcotht) + } /[(1+ a® + 2a cosht) (tcosht —sinht)] . (B.1)

sinh ¢
The solution of these equations determines other unknown functions through ([2.3) and
€2 = —1—a?% +2aC,
02T — <gsM0/>2 (bC - 1)2 629+2¢(1 . 62¢)

2 4(aC — 1)? ’
t
b__sinh(t)’
hy = —Chs,
hy — <gsMa> bC—l
x'z(gsMa> C)(aC — 1)e2=9)
gsMa/ gsMa'\? 26 (bC —1)(C' —b)
K: =
() oueana = (257) B

P=- <M40/> , (B.2)

where C' = —cosh(t), S = —sinh(¢).
We have fixed normalizations from the condition that there are M units of flux of the
RR 3-form field strength I3 through the S?
1
— F3=M. B.3
A2/ Jgs 3 (B:3)
The integer M is dual to the difference between the numbers of colors of the two gauge
groups.
Since (@) is a system of two coupled first-order equations, one might expect a two-
parameter family of solutions, but in fact all solutions regular at ¢ = 0 are parameterized
by just one real parameter y. The small ¢ expansion found in [[[q] is
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The parameter {pgrypz defined as Epayppz = 1/2 + y/3 varies from 1/6 to 5/6 when

y varies from —1 to 1 along the baryonic branch. Any value £gaarpz is related to 1 —

Esampz by the Zy symmetry y — —y which changes the sign of U but leaves v(t) and

the combination a(t)efg(t) invariant. The Zy symmetric value y = 0 obviously corresponds

to the KS solution dual to the locus on the baryonic branch where |A| = |B| = A?M and
2g 2 _

e94+a° =1
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